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OBJECTIVE

◮ Given: A weighted graph with partial measurements on its nodes

◮ Recover: The unobserved signal on all the remaining nodes (Graph completion)

◮ Solution: Using harmonic analysis

MAIN IDEA

◮ Problem: In a neuroimaging study with N participants, in principle, we need to obtain all

possible p measurements.

◮ Challenges: Due to many constraints (e.g., cost and burden on participants), we may be

able to obtain p′(< p) (inexpensive) measurements on the full cohort but (p − p′)
(expensive) measurements on a subset N ′(< N) of the cohort.

◮ Solution: Utilize a given structure (i.e., graph) in the data an assumption on

band-limitedness to recover the unobserved signal.

CONSTRUCTION OF WAVELET IN NON-EUCLIDEAN SPACE

◮ Derive a graph (i.e., nodes and edges) that describes relationships between N participants

(using inexpensive measurements).

◮ Sampling strategy: select certain nodes to obtain (expensive) measurements.

◮ Solve a convex optimization problem in the frequency domain to recover the whole

(band-limited) signal.

ANALOGUE OF FOURIER TRANSFORM IN NON-EUCLIDEAN SPACE

◮ Fourier transform of f (x) (continuous x):

f̂ (ω) = 〈f , ejωx〉 =

∫

f (x)e−jωx
dx and f (x) =

1

2π

∫

f̂ (ω)ejωx
dω.

◮ From spectral graph theory: the eigenvector χl and eigenvalue λl pairs of graph Laplacian

L = D − A provide an analogue of bases for frequency domain.

◮ Graph Fourier Transform:

f̂ (l) = 〈f , χl〉 =
N
∑

n=1

χ∗
l (n)f (n) and f (n) =

N−1
∑

l=0

f̂ (l)χl(n).

CONSTRUCTION OF WAVELET IN NON-EUCLIDEAN SPACE

◮ Wavelet transform is similar to Fourier transform but uses different bases ψs,a (localized in

both time and frequency) for the transform.

◮ Wavelets behave as band-pass filters in the frequency space.

◮ Spectral graph wavelet is constructed by applying a band-pass filter h at various scales s

and localizing it at n with a impulse function δn as

ψs,n(m) =

N−1
∑

l=0

h(sλl)χ
∗
l (n)χl(m).

◮ Wavelet transform on graph is defined as

Wf (s, n) = 〈f , ψs〉 =
N−1
∑

l=0

h(sλl)f̂ (l)χl(n)

which yields wavelet coefficients Wf (t , p) for real valued even wavelets, where f̂ (l) = 〈f , χl〉.ch y
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Figure : Examples of bases functions on a graph. a) Sphere shaped graph, b) A graph Fourier basis χ3, c) Graph wavelet bases ψ5 at two different

locations, d) Graph wavelet basis ψ9 as in c). Notice that wavelet bases in c) and d) are localized while χ3 is spread all over the mesh.

SAMPLING STRATEGY ON GRAPHS FOR EACH NODE

◮ Define wavelet based probability for each sample (node) with Zs =
∑N

n=1ψn(s, n):

ps(n) =
1

Zs

ψn(s, n) =
1

Zs

N−1
∑

l=0

h(sλl)χl(n)
2.

◮ Shown to be robust to noise in many literature (Bronstein et al. in CVPR 2010, Aubry et al.

in ICCV workshop 2011, Kim et al. in CVPR 2013).

◮ Weights can be adjusted using parameter s (band-adaptive).

Figure : Sampling probability distribution ps in different scales derived from “Meyer” wavelet on Minnesota graph. Left: at scale

s = 1, Middle: at scale s = 2, Right: at scale s = 3.

SIGNAL RECOVERY OF BAND-LIMITED SIGNALS: PROBLEM SETTING

◮ We observe only a partial signal y ∈ R
m×p of a full signal f ∈ R

N×p where m ≪ N.

◮ Let the locations where we observe the signal be Ω = {ω1, · · · , ωm} yielding

y(i) = f (ωi), ∀i ∈ {1, 2, · · · ,m}.

◮ Objective: Recover the original signal f given y and a graph.

SIGNAL RECOVERY OF BAND-LIMITED SIGNALS: ALGORITHM

◮ Select Ω using ps.

◮ Define a projection operator Mm×N (i.e., a sampling matrix) yielding Mf = y as

Mi ,j =

{

1 if j = ωi

0 o.w.

◮ Let ĝ(l) =
∑N

n=1 g(n)χl(n) and ĝk be the first k coefficients.

◮ We define and solve a convex optimization problem:

ĝ∗
k = arg max

ĝk∈Rk
||P

−1
2

Ω (MVk ĝk − y)||22 + γ(Vk ĝk)
Th(L)Vk ĝk (1)

where g is estimated as g̃ = Vk ĝk .

◮ An analytic solution ĝ∗
k must satisfy the condition

(V T
k MTP−1

Ω MVk + γh(Λk))ĝ
∗
k = V T

k MTP−1
Ω y (2)

where Λk is a k × k diagonal matrix with diagonals of the first k eigenvalues of L.

◮ Using the optimal ĝ∗
k , we recover a band-limited signal as g∗ = Vk ĝ∗

k .
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Figure : A toy example of our framework on a cat mesh (N = 3400). a) Band-limited random signal in [0, 1] with noise on the cat

mesh, b) Sampling probability p1 derived from (1) Sampled signal at m = 340 locations out of 3400, d) Recovered signal using our

method with k = 50. Note that our recovery is estimating only 50 parameters instead of N = 3400.

BRAIN IMAGING MODALITIES FOR EXPERIMENTS

◮ Pittsburgh compound B (PIB) PET scan: captures protein levels in the brain

◮ Tractography from Diffusion Tensor Image (DTI): provides structural brain connectivity

Figure : Examples of major brain fiber tracks and PET ROIs for our analysis.

PREDICTING FA USING COVARIATES IN HCP

The Human Connectome Project (HCP) Dataset. (N = 487)

◮ Inexpensive: 27 covariates (cognition, demographics, education, etc.) related to AD.

◮ Expensive: 17 Fractional Anisotropy (FA) measurements of major fiber bundles.

Goal. Recover FA measurements on all 487 participants using a) covariates from all 487

participants and b) FA measurements from only m < 487 participants.

Result. Distribution of ℓ2-norm errors with 100 runs: 1) Ours (lowest errors), 2) Rao et al.

(NIPS2015) and 3) Puy et al. (Applied and Computational Harmonic Analysis 2016).

Figure : Distribution of mean errors over the ROIs from 100 runs using 20% (left), 40% (middle) and 60% (right) samples.

◮ Spheres representing FA prediction errors (ℓ2-norm) at each fiber bundle in the HCP study.

Our results (left) show smaller spheres (error) than Puy et al. (middle) and Rao et al. (right)

Figure : Spherical representations of the prediction errors (ℓ2-norm) in the HCP study. The spheres are centered at the center-of-mass

of the specific regional volumes, and the radius of the spheres are proportional to the prediction error.

PREDICTING PIB USING CSF IN WRAP

Wisconsin Registry for Alzheimer’s Prevention Dataset. (N = 79)

◮ Available in WRAP: Cerebrospinal fluid (CSF) measures.

◮ Expensive: Mean Pittsburgh compound B (PIB) measures from 16 brain regions.

Goal. Predict whether a participant is amyloid elevated (PIB > 1.18) by recovering PIB-PET

values on the 79 participants using CSF and PiB measurements from m < 79 participants.

Result.

◮ (Sorted) estimation results using 10, 30, 60% samples are shown below.

◮ The accuracy of high amyloid prediction are 67.6, 76.6, 87.1% respectively.

◮ As we have more samples, we achieve higher accuracy (up to 87%).

Figure : Sorted PiB measures and our estimation results with 10, 30, 60% sampling ratios. Sampled nodes (blue circle), estimation on

the sampled nodes (blue asterisk), unsampled nodes (red circle), estimation on the unsampled (red asterisk).
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